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wn_sparse_solve is a Webnucleo module that provides a convenient interface
between Webnucleo matrix codes and SPARSKIT?2, a toolkit for basic sparse
matrix operations by Yousef Saad. This technical report provides information
about the wn_sparse_solve structures, about the way users can provide their
own preconditioner routines for solutions to sparse matrix equations, and about
stopping criteria. The latest release of wn_sparse_solve is available at

http://wnsparsesolve.sourceforge.net/

1 wn_sparse_solve Structures Overview

wn_sparse_solve has three basic structures. These structures contain the set-
tings for sparse matrix solutions, and the user can update the settings through
wn_sparse_solve API routines. The structures are the following:

e WnSparseSolve__Mat

This structure contains the settings for the SPARSKIT2 basic sparse solver
routines, which solve the matrix equation

Az =b (1)

where A is a matrix, b is the known right-hand-side (rhs) vector, and
x is the unknown vector. SPARSKIT2 has a variety of iterative solvers
available to find solutions to Eq. , and WnSparseSolve__Mat permits
Webnucleo module users a straightforward interface to them.

The user creates a solver with the API routine Wn.SparseSolve__Mat__new().
The default settings for the solver are 1) the solver method is the bicon-
jugate gradient method, 2) the maximum number of iterations the solver
will use is 100, 3) the relative tolerance is 1078, 4) the absolute tolerance is
1078, 5) there is no preconditioning of the matrix, 6) the stopping criteria
are relative to the initial residual, and 7) debugging is turned off. The
user may then update these settings through API routines.



e WnSparseSolve__Exp

This structure contains the settings for use with SPARSKIT?2’s routines
for solving the matrix equation

dy
o (2)

where Y is a vector, A is a matrix, and ¢ is the time. In general one seeks
the solution Y (t+At) given Y (¢). The formal solution is by exponentiation
of the matrix:

Y (t + At) = exp(AA)Y (1) (3)

To find the solution, wn_sparse_solve uses a modified form of the SPARSKIT?2
unsupported routine exppro.f. The version of exppro.f used is in the src/
directory in the wn_sparse_solve installation.

The user creates a new exponentiation solver with the API routine WnSpars-
eSolve__Exp_new(). The default settings for the solver are 1) the maxi-
mum number of iterations is 100, 2) the tolerance is 10~%, 3) the workspace
setting is 40 (the workspace setting must be in the range between 1 and
60, inclusive), and 4) debugging is turned off. The user can update these
settings through API routines.

WnSparseSolve__Phi

This structure contains the settings for use with SPARSKIT?2’s routines
for solving the matrix equation

dy

— =AY + P 4

o + (4)
where Y is a vector, A is a matrix, P is a constant matrix, and ¢ is the
time. In general one seeks the solution Y (¢t + At) given Y (¢).

To find the solution, wn_sparse_solve uses a modified form of the SPARSKIT?2
unsupported routine phipro.f. The version of phipro.f used is in the src/
directory in the wn_sparse_solve installation.

The user creates a new exponentiation plus constant vector solver with
the API routine WnSparseSolve__Phi__new(). The default settings for the
solver are 1) the maximum number of iterations is 100, 2) the tolerance is
1078, 3) the workspace setting is 40 (the workspace setting must be in the
range between 1 and 60, inclusive), and 4) debugging is turned off. The
user can update these settings through API routines.



2 Preconditioning

The rate of convergence of an iterative matrix equation solver typically depends
on the condition number of the matrix. A larger condition number will generally
lead to a slower convergence. Suppose one is solving the matrix equation in Eq.
. A preconditioner is a matrix P whose inverse is approximately the inverse
of A. Applying P~! to A can reduce the condition number and lead to a more
rapid convergence of the solution.

A left preconditioner can be applied to the original equation to give

P~ 1Az = P7'b. (5)

Since P~! ~ A=, P~1b is an approximation to x. For a right preconditioner,
one writes

AP~ 'Px =1b. (6)

One again finds z ~ P~'b for P~ ~ A~%.

wn_sparse_solve allows a user to supply his or her own left preconditioner.
In particular, a user supplies two routines. One takes in a vector y and returns
x, where x is the result of solving

Pz =y. (7)

P in this equation is an appropriate left preconditioner. The other routine takes
in y and returns z, where z is the result of solving

PTy =y, (8)

Here PT is the transpose of P, the preconditioner. The prototype for both
routines is:

gsl_vector *

user_routine(
gsl_vector *p_input_vector,
void *p_user_data

)

The routines take in the vector y as a pointer to a gsl_vector. The user also
supplies the preconditioner through his or her own data structure. The routines
take in the pointer to the user’s data structure, appropriately cast. Typically
the user’s data structure will supply either P, or, more likely, P~'. Note that
the formal solution to Eq. is

x = (PT)71 Y. 9)

However,
(PP = (P P =1, (10)



where [ is the identity matrix. Hence,
(P = (P77, (11)

A logical strategy then is to provide P~! and to write routines that return P~y
and (P_l)T y, that is, a matrix vector multiply and a transpose matrix vector
multiply. For example, if the matrix A is diagonally dominant, a good choice for
P is a simply the matrix with the diagonal elements of A along the diagonals of
P and the remaining elements of P equal to zero, that is, the element on row 4,
column j of Pis P; ; = A;;0; j, where 0; ; is the Kronecker delta. The elements
of P~ then are (P_l)ij =0;,/Ai -

Once the user has constructed the preconditioner solver and preconditioner
transpose solver, he or she passes these in to the sparse matrix solver via the
APT routines

WnSparseSolve__Mat__update PreconditionerSolver()
and
WnSparseSolve__Mat__updatePreconditioner TransposeSolver().

The user’s data structure is passed into the sparse matrix solver via the API
routine

WnSparseSolve__Mat__updatePreconditioner UserData().

The wn_sparse_solve API documentation and the example codes provided in
the wn_sparse_solve distribution demonstrate how to carry out these steps.

3 Stopping Criteria

The standard stopping criterion for an iterative solver is when the residual,
defined as
residual = ||Az — b|| (12)

reaches a sufficiently small value. In Eq. (12, the ||.|| denotes the two-norm of
a vector. If v = (v1,vg,...,v,), then

ol = (13)

Clearly if the residual is precisely zero, x is the solution to Az = b.
wn_sparse_solve provides three convergence methods. The default method
is “initial residual” method. Here convergence is determined by comparing the



residual relative to the initial residual. Thus, if Z4yess is the user-supplied guess
vector, then the initial residual is

residual = || Az gyess — bl (14)
After 7 iterations, the solution vector is x;, and iteration stops if
Hsz - b|| < €7“el||f4xguess - b|| + €abs- (15)

Here ¢,; is the relative tolerance and e, is the absolute tolerance.

Instead of the “initial residual” method, the user can use the “rhs” (right-
hand-side) method. Here the convergence criterion is determined from the con-
dition

[|[Az; — bl < €rer||b]| + €abs- (16)

The user can switch between these methods via the API routine

WnSparseSolve__Mat__update Convergence Method().

For certain solvers, the user can also choose to supply his or her own con-
vergence tester. The prototype for the user’s routine is

int

user_tester_routine(
gsl_vector *p_change_vector,
gsl_vector *p_solution_vector,
void *p_user_data

)

Here p_solution_vector is a pointer to a gsl_vector containing the current solution
vector and p_change_vector is a pointer to a gsl_vector containing the change in
the solution vector over the last iteration. p_user_data is a pointer to a user-
defined data structure containing any extra data the user may wish to use in his
or her routine. The user’s routine must return 0 (false) if the user’s convergence
criterion is not met and 1 (true) if it is.

Once the user-supplied convergence tester routine is written, the user pro-
vides it to the matrix solver via the API routine

WnSparseSolve__Mat__updateConvergence Tester().
The extra data for the convergence tester are set through the API routine
WnSparseSolve__Mat__update Convergence Tester UserData().

The wn_sparse_solve API documentation and an example in the wn_sparse_solve
distribution demonstrate how to supply a user-defined convergence tester.
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